Constraint Hierarchy NetworksRoman Bart�k*Department of Theoretical Computer ScienceCharles UniversityMalostransk� n�m�st� 2/25Praha 1, Czech Republice-mail: bartak@kti.mff.cuni.czURL: http://kti.ms.mff.cuni.cz/~bartak/phone: +420-2 2191 4242fax: +420-2 2191 4323AbstractConstraint hierarchies have been proposed to solve over-constrained systemsof constraints by specifying constraints with hierarchical preferences, i.e.,hard and soft constraints. While the hard (required) constraints must hold,the soft (preferential) constraints should be satisfied as much as possibledepending on the criterion used. Currently, there exists a bank of constrainthierarchy solvers/satisfaction algorithms that could be classified into twocategories as refining and local propagation algorithms. The local propagationalgorithms are fast but limited to equality (functional) constraints while themore general refining algorithms are not incremental.In this paper we combine advantages of both refining and localpropagation methods in a generalized framework for solving constrainthierarchies. Our approach extends ideas of local propagation, i.e. theconstruction of a constraint network and subsequent propagation of values,however, it suppresses limits of local propagation like restriction to LPBcomparator and functional constraints. We introduce a new notion of aconstraint cell and we generalize the concept of constraint hierarchy networkhere. Finally, we present two algorithms for the construction of constraintnetworks which are instances of our framework. The proposed frameworkfits in our other concept of plug-in architecture of constraint hierarchysolvers.Keywords:constraint hierarchy, constraint cell, hierarchy network,constraint planning

* Partially supported by the Grant Agency of Czech Republic under the contract No 201/96/0197.

21 IntroductionConstraint hierarchies were introduced for describing over-constrained systems ofconstraints by specifying constraints with hierarchical strengths or preferences1. It allowsone to specify declaratively not only the constraints that are required to hold, but alsoweaker, so called soft constraints at an arbitrary but finite number of strengths.Weakening the strength of constraints helps to find a solution of previously over-constrained system of constraints. Intuitively, the hierarchy does not permit to theweakest constraints to influence the result. Moreover, constraint hierarchies allow�relaxing� of constraints with the same strength by applying, e.g., weighted-sum, least-squares or similar comparators2. The theory of constraint hierarchies was developed in[6] and it is also described in [8,17].The existence of efficient satisfaction algorithms is an important aspect of constrainthierarchies. Most current satisfaction algorithms, in other words constraint hierarchysolvers, can be classified into two groups: algorithms based on refining method and localpropagation algorithms. However, there are also other algorithms, e.g., IHCS [12],which don’t fit into any of above mentioned groups.The refining algorithms solve constraint hierarchy in a straightforward manner bycompletely satisfying the strongest level first and then weaker levels successively. Thus,the refining method can be used for solving all constraint hierarchies using arbitrarycomparator. The generality of the refining method is paid off by losing effectiveness aseach constraint level has to be solved at a clap. In particular, the refining method does notsupport incremental update of the solution after adding or retracting a constraintrespectively.The refining method was first used in a simple interpreter for HCLP programs [8]and it is also employed in the DeltaStar algorithm [17] and in a hierarchical constraintlogic programming language CHAL. We show later (Section 3) that our generalizedframework for solving constraint hierarchies covers the refining method as well.The local propagation is a fast incremental method for resatisfying constraints inhierarchies. Basically, it is efficient because it solves uniquely one selected constraint inevery step (executing phase). In addition, when a variable is repeatedly updated, e.g., byuser operation, it can easily evaluate only the necessary constraints to get a new solution.This straightforward execution phase is paid off by a foregoing planning phase thatchoose the order of constraints to satisfy via construction of a constraint network. Manylocal propagation algorithms were developed for special purposes (DeltaBlue [14],SkyBlue [13], QuickPlan [16], DETAIL [10], Houria [9], Indigo [5]).I our previous papers [2,4] we identified the following limits of local propagation:¥ solving conflicts among constraints is sometimes inappropriate¥ local propagation cannot handle cycles of constraints¥ local propagation works only with equality (functional) constraints¥ local propagation supports only locally predicate better comparators¥ local propagation cannot find multiple solutions,and we proposed a generalized framework for solving constraint hierarchies thataddresses the above problems by introducing constraint cells, i.e., chunks of constraintsthat has to be solved together. In [3,4] we gave a formal theory of solving constrainthierarchies by means of constraint cells. This theory shares ideas with the generalizedlocal propagation by Hosobe, Matsuoka and Yonezawa [11] and it provides thecompleteness and soundness theorems.

1The other methods for describing over-constrained systems include the "partial CSP" model byFreuder & Wallace, the "fuzzy CSP" model by Fargier, and the "probabilistic CSP" model by Fargier &Lang.2Comparator is a relation comparing valuations of variables respecting the hierarchy. Currently, thereare three widely used groups of comparators, namely locally-better, regionally-better and globally-better comparators [17].

3In this paper we concentrate on practical aspect of using constraint cells to solveconstraint hierarchies. In particular, we describe the concept of constraint hierarchynetwork that defines the partial order of constraint cells for propagation of values. Wealso give a formal description of algorithms for construction of constraint hierarchynetworks.The paper is organized as follows. In Section 2, we introduce formally theconstraint hierarchy networks and we define constraint cells and hierarchy networks in an"implementation" manner. Section 3 is dedicated to algorithms for construction ofconstraint hierarchy networks. We present here simple algorithm that constructs hierarchynetworks corresponding to the refining method as well as more sophisticated algorithmthat constructs more structured networks with smaller constraint cells. In Section 4, wesketch briefly how the values are propagated through the network to find the solution ofthe hierarchy. The paper is concluded with some final remarks on the proposedframework and with description of future research.2 Constraint Hierarchy NetworksIn [2] we proposed to combine advantages of both refining and local propagationmethods to get a generalized framework for solving constraint hierarchies. Thisframework is based on idea of dividing the constraint hierarchy into small chunks ofconstraints, called constraint cells. These cells are partially ordered in a constrainthierarchy network that reflects the relationships among constraints. To get the solution ofthe hierarchy, i.e., the valuation of variables, an execution algorithm propagates valuesthrough the cells using the partial order of cells defined by the network. Each time, theconstraints in a cell are solved together to get the best solution according to thecomparator chosen.While the propagation of values and the partial order of cells defined by thehierarchy network correspond to the local propagation concept, solving all constraints in acell together matches the idea behind the refining method. Hence, the proposed concept ofsolving constraint hierarchies is enough efficient and satisfactory general at the same time.2.1 Constraint CellsThe basic part of our generalized framework for solving constraint hierarchies is a notionof a constraint cell. The constraint cell is a chunk of equally preferred constraints whichare solved together during the executing phase. We associate a set of output variableswith each constraint cell to reflect the variables which are determined/computed by theconstraints in the cell (in an obvious manner of local propagation).DEFINITION 1: (constraint cell)1)Let C be a finite non-empty set of labeled constraints with the same preferenceand V be a set of all variables in constraints from C. Let In,Out˝V be arbitrarysets of variables such that In¨Out=V and In˙Out=˘. We define a constraintcell as a triple (C,In,Out). We also enable a constraint cell in the form({},{},{v}) containing only the output variable v.2)We call the sets In and Out from the constraint cell (C,In,Out) input and outputvariables respectively.3)We also say that the constraint cell (C,In,Out) determinates each variable fromthe set Out.By enabling more constraints in a cell one can easily handle conflicts between constraintswith the same strength as well as cycles of constraints. In addition, encapsulatingconstraints into a cell enables usage of more types of comparators including globally-better ones. Finally, while the traditional local propagation requires all constraints to be

4functions, i.e., to be able to uniquely compute values of output variable(s) when thevalues of input variables are given, the proposed constraint cells can contain other typesof constraints, e.g., inequalities. The Figure 1 demonstrates the above mentionedadvantages of constraint cells over the traditional local propagation.a a

Figure 1 (traditional local propagation vs. constraint cells)The role of a constraint cell in a constraint hierarchy network, that we formally introducevariables into input and output sets of variables. To grasp formally the differences amongconstraint cells we classify the cells in the following manner.DEFINITION 2: (classification of constraint cells)We classify constraint cells into the following groups:¥ free variable cell ({},{},{v})¥ functional cell ({c@l},In,Out)3 such that Out„˘ and for arbitraryevaluation q of variables from In there exists a unique valuation s ofvariable(s) from Out such that cqs holds¥ generative cell (C,In,Out) such that C„˘ and Out„˘ and (C,In,Out) is nota functional cell¥ potentially unsatisfied cell is a generative cell or a test cellThe traditional local propagation enables only free variable cells and functional cells4. Theunsatisfied there and they are (temporarily) disconnected from the network.i.e., potentially unsatisfied constraints, namely test cells. Test cell consist of constraint(s)these constraints can still be satisfied (see Figure 2) even if there is no degree of freedomto bind output variables in the test cell (as there are no output variables). The satisfactionvariables are not determined uniquely (see Figure 2). We also introduce a generative cellas a generalization of a functional cell. Opposite to a functional cell, the generative cell canuniquely through the generative cell. As with the test cell, the constraints in the generative

xconstraint in the form x=user_input that uniquely determines the value of the variable possible to guarantee that all constraints in the generative cell are satisfied. Therefore weconstraints from the functional cells can always be satisfied by binding output variable(s)(see Definition 2).The Figure 2 shows differences among above mentioned types of constraint cells. Italso demonstrates the value propagation through the cell.

Figure 2 (differences among various constraint cells)Remind again, that the functional cell propagates values uniquely and the constraint in theimpact of potentially unsatisfied cells on input variables develops only when the values ofinput variables are not unique.constraints in the constraint cell have the same strength (see Definition 1) we can bind thistogether with the cell type will be the key for partial ordering of cells that is discussed inthe following section.DEFINITION 3: (internal strength)freewhich is the strength that is weaker than any other strength of constraints.We denote the internal strength of Cell as i_strength(Cell) and we say that Cell isstronger than Cell’ if and only if i_strength(Cell)<i_strength(Cell’).through the constraint cells.decompositions in current approaches for solving hierarchies. While the refining methodpropagation atomizes the hierarchy into individual constraints. Both these decompositionsand many others are covered by our approach.DEFINITION 4: (conflict-free hierarchy decomposition)conditions hold:CellCC Cell=(C,In,Out) & CH & InV & Out

The satisfaction of the conditions 1) and 2) of the Definition 4 guarantees that the set CCof the conditions In˝V and Out˝V implies that in the decomposition there do not appearnew variables, i.e., variables outside the hierarchy. The satisfaction of the condition 3) ofmore than one cell.constraint cells. We also give conditions which must be satisfied by the partial ordering ofcells to be feasible for sound value propagation. The feasible decomposition as well as thepartial ordering is encapsulated in the notion of constraint hierarchy network (we also usepossible to be partially ordered according to the following definition.use the denotation G/T for potentially unsatisfied cells.DEFINITION 5: (constraint hierarchy network)acyclic graph (CC,E) with nodes CC and edges E a constraint hierarchy networkof hierarchy H if and only if the following conditions hold:cells determining the input variables of Cell, i.e.,Cell,Cell�Cell=(C,In,Out) & Cell�=(C�,In�,Out�) & InOut�„(Cell�,Cell)˛constraint cell which has the same or weaker internal strength, i.e.,"Cell,Cell’˛CC(Cell is G/T & Cell’<Cell) � i_strength(Cell’)<i_strength(Cell)directed to other potentially unsatisfied cells, i.e.,"Cell,Cell�,Cell’’˛CC�input variables of the cell to be computed before the value propagation can go through thecell and compute values of output variables. The conditions 2) and 3) of the Definition 5ensures the correctness of the propagation as one requires the satisfaction of the stronger where also a theoretical justification is given.Our approach to constraint hierarchy networks allows various hierarchy networks topossible. It depends on the type of used constraints and comparators and on the quality ofshows two different hierarchy networks corresponding to one constraint hierarchy.

Figure 3 (constraint hierarchy networks)generalization.present three of them which differ in the size of constraint cells and the number of edges5levels in the hierarchy. They differ in the policy of adding edges. The BlueOne algorithmmaintains smaller constraint cells in case of one-output functional constraints are used.stratification of the hierarchy. This algorithm keeps all equally preferred constraints in onethe right network in Figure 3). In fact, this algorithm connects cells which share common

The name of BlueOne algorithm reflects the "Blue" family of algorithms from University of Washington.

conditions 2 and 3 of Definition 5. As there is a mistake in [4] (some necessary edges arealgorithm.incrementally in two steps:creates a new cell containing this constraint.constraint are input and output respectively (depending on variables used in otherfact, almost all constraint cells are generative and test, only few of them can be functional.straton_add_constraint(c@lab,(CC,E))

¨else¨¨¨˙˘¨¨¨˛„˙InputVars(C2)=˘¨¨˛˛InputVars(C2)}¨

Figure 4 (Straton algorithm - constraint adding)While Straton algorithm is very simple, it requires a subsequent execution phase to mimicthe refining method. However, such algorithm of the execution phase is not very effectiveused).

The terms red and green edges are used for explanation purpose only, they are not differentiated in

The pure Straton algorithm does not exploit advantages of constraint hierarchies becausethe constraint cells are as large as possible (but smaller cells are better for satisfaction) andwe introduce Straton 2 algorithm.Straton algorithm does, but it maintains only edges necessary to satisfy the conditions ofincremental and non-incremental part. The incremental part allows adding and removingcondition 1 of Definition 5 is kept in the incremental part of Straton 2 algorithm. Becausethat is executed right before the value propagation and that adds remaining edges, we calldifferences between constraint networks constructed by Straton and Straton 2 algorithms.constraint hierarchy.

medium

Figure 5 (Straton family of algorithms - differences)then the cell is removed from the network as well. The algorithm for constraint retractionconsiders the constraint to be in any cell of the network.straton2_add_constraint(c@lab,(CC,E))

¨else¨¨¨¨˛˙InputVars(C2)=˘¨¨˛˛InputVars(C2)}¨

Figure 6 (Straton 2 algorithm - constraint adding)straton2_remove_constraint(c@lab,(CC,E))

-˙˛˙OutputVars(C)=˘-˛˙InputVars(C)=˘˛˛InputVars(C)}NewDeterminer=(Cs’,In’,Out’)¨¨˛CellsUsingV}

Figure 7 (Straton 2 algorithm - constraint retraction)Both constraint adding and retraction maintains partial hierarchy networks8 satisfying thethat adds some edges, we call them orange, to remove downstream forking in potentiallyunsatisfied cells.

stronger constraint cells and computes both direct and indirect successors of each cell. Ifthe algorithm finds any generative cell9 then it go through its successors in weak to strongmanner10by the condition 3 of Definition 5.straton2_completion((CC,E))

˛E}¨¨˛DirSucc})TestCell2<-RemoveHead(RestQueue)ˇ¨

3completion algorithm is a function depending on the number of levels, that is a constant.the whistle.A smaller number of edges in constraint hierarchy network is the main advantage ofhierarchy network enables the value propagation algorithm to be more efficient.The Straton family of algorithms mimics the behavior of refining method that is not veryeffective because all equally preferred constraints have to be solved together (depending

10If weak to strong order is used then the number of added orange edges is minimal.

constraint cells as small as possible.BlueOne algorithm is based on ideas of DeltaBlue algorithm [14], it processes one-output functional constraints, e.g., linear equalities, and it considers all other constraints,incrementally to the hierarchy network in three steps:Try to add the constraint as a new function cell.If step 1 fails then add constraint as a new generative or test cell.removing downstream forking.the hierarchy network.

new edge added to remove join cells with the same internal

Figure 9 (removing downstream forking)This is only a brief non-formal description of BlueOne algorithm. We have implementedhttp://kti.mff.cuni.cz/~bartak/html/constraints.htmluses some ad-hoc techniques so we are now working on formal description of DeltaBluealgorithm.starts with a complete domain for each variable and it reduces the domains successively asthe constraints are being satisfied. Because potentially unsatisfied cells can even influencevalues of input variables, this value propagation process is not linear and sometimes it has many constraints as possible in the unctional cells.through equality and inequality constraints in the decreasing order of constraint strength.network. Note, that this order is not necessarily decreasing in the constraints’ strength. Avalue propagation through the hierarchy network.and our framework. While the DETAIL works with equality (functional) constraints andmainly focus on support of all types of constraints and comparators. Also, the notion of aconstraint cell is a bit different in DETAIL where it serves more as a meta-notion denotinga closed part of the constraint graph. DETAIL allows constraints with different strengthsconstraints in the constraint cell.framework in real-life applications. We put special emphasis on formal description of thesophisticated planning algorithm BlueOne, whose experimental implementation promisesgood efficiency results. Further, we expect to further generalize the BlueOne algorithm toenable working with multi-variable output functional cells.AcknowledgmentsÆt�Czech Republic under Grant No. 201/96/0197.ReferencesBart�k, R., A Plug-In Architecture of Constraint Hierarchy Solvers, in ProceedingsDepartment of Computer Science, Charles University, December 1996Bart�k, R., A Generalized Algorithm for Solving Constraint Hierarchies, Tech.Report No 97/1, Department of Theoretical Computer Science, Charles University,January 1997Bart�k, R., Expert Systems Based on Constraints, Doctoral Dissertation (in Czech),Charles University, Prague, April 1997Bart�k, R., A Generalized Framework for Constraint Planning, Tech. Report No97/9, Department of Theoretical Computer Science, Charles University, June 1997

Report 96-05-01, Department of Computer Science and Engineering, University ofConstraint Hierarchies, in: Proceedings of the 1987 ACM Conference on ObjectOriented Programming Systems, Languages, and Applications, pp.48-60, ACM,October 1987Borning, A., Freeman-Benson, B., The OTI Constraint Solver: A ConstraintLibrary for Constructing Interactive Graphical User Interfaces, in: Proceedings ofthe First International Conference on Principles and Practice of ConstraintProgrammingLogic Programming, in: Proceedings of the Sixth International Conference on LogicProgrammingPlanning of Lexicographic Weight Sum Better Graph For Functional Constraints,in: the Fifth INFORMS Computer Science Technical Section Conference onComputer Science and Operations Research, Dallas, Texas, Jan. 8-10, 1996Simultaneous Constraint Satisfaction, in: Principles and Practice of ConstraintProgramming---PPCP’94 (A. Borning ed.), no. 874 in Lecture Notes in Computer, pp. 51-62, Springer-Verlag, October 1994Framework for Solving Constraint Hierarchies, in: Principles and Practice ofConstraint Programming---CP’96 (E. Freuder ed.), Lecture Notes in ComputerScience, Springer-Verlag, August 1996Menezes, F., Barahona, P., An Incremental Hierarchical Constraint Solver, in: [15]Sannella, M., The SkyBlue Constraint Solver, Tech. Report 92-07-02, Departmentof Computer Science and Engineering, University of Washington, February 1993One-way Constraints in User Interfaces: Experience with the DeltaBlue Algorithm,Tech. Report 92-07-05, Department of Computer Science and Engineering,University of Washington, July 1992Saraswat, V. and Van Hentenryck, P. (eds.), Principles and Practice of ConstraintProgramming, The MIT Press, Cambridge, Massachusetts, 1995Vander Zanden, Brad, An Incremental Algorithm for Satisfying Hierarchies ofMulti-way Dataflow Constraints, Tech. Report, Department of Computer Science,University of Tennessee, March 1995Wilson, M., Borning, A., Hierarchical Constraint Logic Programming, TR 93-01-02a, Department of Computer Science and Engineering, University of Washington,May 1993