A Generalized Algorithmfor Solving Constraint Hierarchies1Roman Bart�kDepartment of Theoretical Computer ScienceCharles UniversityMalostransk� n�m�st� 25Praha 1, Czech Republice-mail: bartak@kti.mff.cuni.czURL: http://kti.ms.mff.cuni.cz/~bartak/phone: +42-2 21 91 42 42fax: +42-2 53 27 42AbstractConstraint hierarchies have been proposed to overcome over-constrainedsystems of constraints by specifying constraints with hierarchical preferences.They are widely used in HCLP (Hierarchical Constraint Logic Programming), CIP(Constraint Imperative Programming) and graphical user interfaces. Theadvantages of constraint hierarchies are a declarative expression of preferredconstraints and the existence of efficient satisfaction algorithms. At present, thereexist a lot of relatively independent constraint hierarchy solvers/satisfactionalgorithms that could be classified into two categories: refining and localpropagation algorithms. While the local propagation algorithms are fast but limitedto equality (functional) constraints the more general refining algorithms are notincremental.In this paper we propose a generalized algorithm for solving constrainthierarchies. This algorithm combines advantages of both refining and localpropagation approaches. It is based on ideas of local propagation however it is notlimited to one type of comparators. The algorithm solves constraint hierarchies,even if some constraints must be solved simultaneously, by dividing them intoconstraint cells as much as possible. By constructing a constraint network/graph italso supports �constraint planning�, i.e., the method of smart resatisfying ofconstraints when a value of one variable is changed. The proposed algorithm fits inour concept of plug-in architecture of constraint hierarchy solvers.Keywords: constraint hierarchies, constraint solver, constraint network, plug-inarchitecture.

1The research was partially supported by the Grant Agency of Czech Republic under the contract No201/96/0197.

21. INTRODUCTIONConstraint hierarchies were introduced for describing over-constrained systems ofconstraints by specifying constraints with hierarchical strengths or preferences2.Constraint hierarchies are widely used in areas like HCLP (Hierarchical Constraint LogicProgramming) [8, 23] — an extension of CLP (Constraint Logic Programming) [13] toinclude constraint hierarchies, CIP (Constraint Imperative Programming) [14] — anintegration of declarative constraint programming and imperative object-orientedprogramming, and graphical user interfaces construction [7]. The major advantage ofconstraint hierarchies is their declarative expression of preferences or strengths ofconstraints rather than encoding them in the procedural parts of the language.In a constraint hierarchy, the stronger a constraint is, the more it influences thesolution of the hierarchy. Additionally, constraint hierarchy allows �relaxing� ofconstraints with the same strength via weighted-sum, least-squares or similar methods.Another important aspect of constraint hierarchies is also the existence of efficientsatisfaction algorithms. Satisfaction algorithms, in other words constraint hierarchysolvers, can be classified into two groups: algorithms based on refining method and localpropagation algorithms. Each group has its advantages and disadvantages but what theyhave in common is the ad-hoc method used for their construction. Almost all currentconstraint hierarchy solvers are designed for a specific comparator or for a certain type ofconstraints.In this paper we propose a generalized algorithm for solving constraint hierarchies.This algorithm embraces both refining and local propagation concepts, hence it is at onceenough efficient and satisfactory general. The algorithm solves constraint hierarchies,even if some constraints must be solved simultaneously, by dividing them into constraintcells as much as possible. By constructing a constraint network/graph it also supports�constraint planning�, i.e., the method of smart resatisfying of constraints when a valueof one variable is changed. The division of a constraint solving algorithm into two stages,i.e., the planing and the execution stages, is typical for local propagation and we preservethis feature in our algorithm too. Actually, we concentrate on the planing stage of thealgorithm there as it is independent of the type of constraints and of the chosencomparator.The proposed algorithm fits in our concept of modular plug-in architecture ofconstraint hierarchy solvers [1]. It means, e.g., that it is possible to construct varioushierarchy solvers by adding modules with miscellaneous comparators and flat constraintsolvers.Although the proposed algorithm shares similar ideas with the DETAIL algorithm[10], it is completely different. While the DETAIL works with equality (functional)constraints and concentrates especially on removing cycles and conflicts from constraintgraphs, we mainly focus on support of all types of constraints. Also, the DETAIL allowsconstraints with different strengths to be in one constraint cell, whereas our algorithmgathers only equally preferred constraints in the constraint cell. It admits the hypothesisthat our constraint graphs are more structured, but then, we need more sophisticatedexecution phase.

2Another method for describing over-constrained systems is PCSP (Partial Constraint SatisfactionProblems).

3The paper is organized as follows. In Sections 2 and 3, we present a short previewof the theory of constraint hierarchies followed by a brief catalogue of well-knownconstraint hierarchy solvers. The advantages and disadvantages of various constrainthierarchy solvers are also discussed there. In Section 4, we describe a general plug-inarchitecture of constraint hierarchy solvers. The Section 5 is dedicated to analysis oflimits of local propagation. We introduce the notions of a constraint cell and of aconstraint network in Section 6. We also give two sketches of planning algorithms forconstructing constraint networks there. In Section 7, we give a preview of the executionalgorithm that computes the evaluation of variables. We conclude with a summary of thepaper.2. CONSTRAINT HIERARCHIESA theory of constraint hierarchies was developed in [6]. It allows the user to specifydeclaratively not only constraints that must hold, but also weaker, so called softconstraints at an arbitrary number of strengths. Weakening the strength of constraintshelps to find a solution of previously over-constrained system of constraints. Thisconstraint hierarchy scheme is parameterized by a comparator C that allows us to comparedifferent possible solutions to a single hierarchy and to select the best ones.Intuitively, the stronger a constraint is, the more it influences the solution of thehierarchy. Consider, e.g., an over-constrained system of two constraints: x=0 and x=1.The user can attach a preference or strength to both constraints: x=0@strong andx=1@weak, and the arising constraint hierarchy yields the solution {x/0}. Thisproperty also enables programmers to specify preferential or default constraints thosemay be used in case the set of required, so called hard constraints is under-constrained(has more solutions). Moreover, constraint hierarchies allow �relaxing� of constraintswith the same strength by applying, e.g., weighted-sum, least-squares or similarmethods.For purposes of the introduction to constraint hierarchies we will use the formerdefinition of constraint hierarchies [8] which is simpler but also a bit different (e.g., itdoes not support regionally-better comparators) from the more recent definition [23].A constraint is a relation over some domain D. The domain D determines theconstraint predicate symbols PD of the language. A constraint is thus an expression ofthe form p(t1,�tn) where p is an n-ary symbol in PD and each ti is a term. A labeledconstraint is a constraint labeled with a strength, written c@l where c is a constraint and lis a strength. The set of strengths is finite and totally ordered and it is usually given bythe user.A constraint hierarchy is a finite set of labeled constraints. Given a constrainthierarchy H, H0 is a vector of required constraints in H, in some arbitrary order, withtheir labels removed. Similarly, H1 is a vector of strongest non-required constraints in Hup to the weakest level Hn, where n is a number of non-required levels in the hierarchyH. We also define Hk=˘ for k>n. Note, that constraints in Hi are stronger (morepreferred) than those in Hj for i<j.A valuation for a set of constraints is a function that maps free variables in theconstraints to elements in the domain D over which the constraints are defined. A solutionto a constraint hierarchy is such a set of valuations for the free variables in the hierarchy

4that any valuation in the solution set satisfies at least the required constraints, i.e., theconstraints in H0, and, in addition, it satisfies the non-required constraints, i.e., theconstraints in Hi for i>0, at least as well as any other valuation that also satisfies therequired constraints. In other words, there is no valuation satisfying the requiredconstraints that is �better� than any valuation in the solution set. Formally:S0 = { q | "c˛H0 cq holds }S = { q | q˛S0 & "s˛S0 � better(s,q,H) },where S0 is a set of valuations satisfying required constraints and S is a solution set.There is a number of reasonable candidates for the predicate better which is called acomparator. We insist that better is irreflexive and transitive, however, in general, betterwill not provide a total ordering on the set of valuations. We also insist that betterrespects the hierarchy, i.e., if there is some valuation in S0 that completely satisfies all theconstraints through level k, then all valuations in S must satisfy all the constraintsthrough level k:if $q˛S0 $k>0 such that "i˛{1,..,k} "c˛Hi cq holdsthen "s˛S "i˛{1,..,k} "c˛Hi cs holds.To define various comparators we first need an error function e(c,q) that returns a non-negative real number indicating how nearly a constraint c is satisfied for a valuation q.The error function must have the following property:e(c,q)=0 � cq holds.For any domain D, we can use the trivial error function that returns 0 if the constraint issatisfied and 1 if it is not.Currently, there are two different groups3 of comparators: locally-better andglobally-better comparators. The locally-better comparators consider each constraintindividually. They are defined by the following way:locally-better(q,s,H) ”def$k>0 "i˛{1,�,k-1} "c˛Hi e(c,q)=e(c,s) &$c’˛Hk e(c’,q)<e(c’,s) & "c˛Hk e(c,q)†e(c,s).We can define a special type of locally-better comparator, locally-predicate-better (LPB)comparator to be locally-better using the trivial error function. The globally-better comparators combine errors of all the constraints at a given levelHi using a combining function g, and then compare the combined errors. They aredefined as follows:globally-better(q,s,H,g) ”def$k>0 "i˛{1,�,k-1} g(q,Hi)=g(s,Hi) &g(q,Hk)<g(s,Hk).Using globally-better schema, we can define three global comparators, using differentcombining function g. This comparator triple enables the user to add a positive realnumber, called weight, to each constraint. Weights allow relaxing of constraints with thesame strength then. The weight for constraint c is denoted by wc.

3The recent definition of constraint hierarchies [23] also supports another type of comparator calledregionally-better.

5weighted-sum-better(q,s,H) ”def globally-better(q,s,H,g),where

g(τ ,H_i ) = w_c∗e(c,τ )

c∈H_i ∑

worst-case-better(q,s,H) ”def globally-better(q,s,H,g),where

g(τ ,Hi ) = maxc∈Hi wc∗e(c,τ ) { } least-squares-better(q,s,H) ”def globally-better(q,s,H,g),where

g(τ ,Hi ) = wc∗e2(c,τ ) c∈Hi∑

.3. C O N S T R A I N T HIERARCHY SOLVERSAn important aspect of constraint hierarchies is that there are efficient satisfactionalgorithms proposed. We can categorize them into the following two approaches:The refining algorithms first satisfy the strongest level, and then weaker levelssuccessively.The local propagation algorithms gradually solve constraint hierarchies by repeatedlyselecting uniquely satisfiable constraints.To illustrate both approaches consider, e.g., the following constraint hierarchy:x=y@required, x=z+1@strong, z=1@medium, x=1@weak.The refining algorithm first solves the required constraint x=y with the result{x/V,y/V}, followed by the strong constraint x=z+1 leading to{x/Z+1,y/Z+1,z/Z}. Then, it evaluates the medium constraint z=1 and gets solution{x/2,y/2,z/1}. Finally, it attempts to solve the weak constraint x=1 but as itconflicts with the assignment generated by the stronger constraints, it remainsunsatisfied.By contrast, the local propagation algorithm first solves the medium constraint z=1,then propagates the value {z/1} through the strong constraint x=z+1, i.e., computes{x/2,z/1}, and, finally, through the required constraint x=y, i.e., {y/2,x/2,z/1}.Note, that the weak constraint x=1 remains unsatisfied as it was rejected by the strongerconstraints.The refining method is a straightforward algorithm for solving constraint hierarchiesas it follows the definition of solution, in particular the property of respecting thehierarchy. It means that the refining method can be used for solving all constrainthierarchies using arbitrary comparator. Its disadvantage is recomputing the solution fromscratch everytime a constraint is added or retracted. The refining method was first used ina simple interpreter for HCLP programs [8] and it is also employed in the DeltaStaralgorithm [23] and in a hierarchical constraint logic programming language CHAL. Weshow later (Section 6) that our generalized framework for solving constraint hierarchiescovers the refining method.Local propagation takes advantage of the potential locality of typical constraintnetworks, e.g., in graphical user interfaces. Basically, it is efficient because it uniquelysolves a single constraint in each step (execution phase). In addition, when a variable isrepeatedly updated, e.g., by user operation, it can easily evaluate only the necessaryconstraints to get a new solution. This straightforward execution phase is paid off by aforegoing planning phase that choose the order of constraints to satisfy.

6Local propagation is also restricted in some ways. Most local propagationalgorithms (DeltaBlue [18], SkyBlue [17], QuickPlan [20], DETAIL [10], Houria [9]) cansolve only equality constraints, e.g., linear equations over reals. The exception is theIndigo [5] algorithm for solving inequalities that combines local propagation and refiningmethod. We borrowed the main idea behind the Indigo algorithm, i.e., the propagation ofthe set of values, to our algorithm. The local propagation algorithms also usually uselocally-predicate comparator or its variant respectively. Only Houria III and DETAIL canuse globally comparators and Indigo uses metric comparator. Finally, local propagationcannot find multiple solutions for a given constraint hierarchy due to the uniqueness.4. A PLUG-IN ARCHITECTURE OF HCLP SOLVERAlmost all current constraint hierarchy solvers have at least one common property. Theyare constructed ad-hoc for a limited class of constraints and using only one particularcomparator or a small group of similar comparators respectively. The common reason fordoing it is the (mis)belief that a more specialized solver is also a more efficient one. In [1]we suggest to use a more general architecture of constraint hierarchy solver without lossof efficiency.The structure of the proposed plug-in architecture follows directly from thedefinition of a constraint hierarchy solution. It extends and generalizes the architecture ofthe simple HCLP interpreter [8] for support of various comparators and flat constraintsolvers. The following figure shows the plug-in architecture of a constraint hierarchysystem.

meta-interpretergeneral hierarchy solvercomparatorcodeflat constraint solver

plug-in moduleskernel

Figure 1 (plug-in architecture)The kernel of the architecture includes a m e t a - i n t e r p r e t e r or, more generally, a cores y s t e m e x p l o i t i n g c o n s t r a i n t h i e r a r c h i e s . T h e s e c o n d p a r t o f t h e k e r n e l i s a generalhierarchy solver which defines a universal method for solving constraint hierarchies. Thegeneral hierarchy solver should be independent of a chosen comparator and of a chosenset of constraints which depends on the domain D. It reflects the method used for solvingconstraint hierarchies, i.e., currently the refining method or the local propagationrespectively. We described a general hierarchy solver based on refining method in [1] andwe concentrate on generalized algorithm for solving constraint hierarchies that is based onlocal propagation but also covers refining method in this paperThe extension part of the architecture forms a pair of plug-in modules. There is aplug-in module which implements a particular comparator and which closely cooperates

7with the second module, a flat constraint solver. The services provided by the flatconstraint solver depend on demands of the comparator module.The arrangement of elements in the Figure 1 is not self-involved. It expresses thebinds and data-flow between individual components, i.e., the higher module callsservices of the lower module(s).In [1] we identified two typical services provided by the general hierarchy solver,i.e., adding a labeled constraint to a constraint hierarchy (planning) and solving aconstraint hierarchy (executing). Although the parts implementing these two services donot call each other, they are closely related through sharing the data structure whichdescribes the hierarchy of constraints. Hence, we usually do not separate them into twomodules. However, according to the conception of data-flow between modules we candraw the structure of the general hierarchy solver in a following way.

general hierarchy solver planning exec.

Figure 2 (structure of the general hierarchy solver)Note, that the planningmodule does notcommunicate neither withthe comparator modulenor the flat constraintsolver and thus it is fullyindependent of a chosencomparator and of achosen set of constraints.The names of the general hierarchy solver submodules correspond to the obvious phasesof the local propagation solver. The planning and the execution phases can also beidentified in our generalized algorithm.The difference between the refining method and the local propagation in terms ofplanning and executing modules is the complexity of a particular module. While therefining method uses simple planning, i.e., distributing labeled constraints into levelsaccording to strength [1], the local propagation algorithms employ a more complexplanning phase which converts a set of labeled constraints into a constraint graph [18].Contrary, the execution phase of the refining method is usually much more complicatedthat the execution phase of the local propagation. The generalized algorithm for solvingconstraint hierarchies, which is presented in following sections, is flexible enough toscale between these two extremes.5. LOCAL PROPAGATION LIMITS IN DEPTHWhen we investigated the limits of the local propagation algorithms we identify thefollowing problems:¥ solving conflicts among constraints is sometimes inappropriate¥ local propagation cannot handle cycles of constraints¥ local propagation works only with equality (functional) constraints¥ local propagation supports only locally predicate better comparators¥ local propagation cannot find multiple solutions.As the execution phase of the local propagation requires every variable to be computed byjust one constraint, the planning phase has to choose among conflicting constraints whichbound the variable. However, solving this conflict is sometimes impossible, e.g., when

8constraints have the same strength (x=1@strong, x=2@strong), and sometimes it is toorestrictive, i.e., a weaker constraint (y=1@weak) is disabled (assumed unsatisfied) toenable satisfying of a stronger constraint (y=1@strong) even if the weaker constraint isalso satisfied.The execution phase of the local propagation is a linear process. It means that whena constraint computes the value of one of its variables, the values of all other variables inthe constraint have to be known, i.e., the values of these variables have had to becomputed by other constraints before. This feature disables solving the set of constraintscontaining the same variables, e.g., the system of equations (x+y=3, x-y=1). Such asystem of constraints corresponds to the cycle in the constraint graph, hence we speakabout cycles of constraints. Some local propagation algorithms solve constraint cycles byevoking an external solver [7].We mentioned the way a constraint is used to compute the value of one of itsvariables in the above paragraphs. The constraint is assumed there to be a function thatcomputes the value of the output variable from the values of input variables. However,this approach disables many types of constraints like inequalities.Every constraint, which is used in the execution phase, is completely satisfied whileother constraints are entirely disabled during the planning phase. It implies the applicationof the predicate type of comparator in the classical local propagation. As every constraintis considered individually in the constraint graph it indicates the usage of the locally-bettercomparator. Local propagation also cannot find multiple solutions due to the uniquenessof satisfying constraints.6. CONSTRAINT NETWORKS AND PLANNINGBy addressing problems of the local propagation we made the first step to improve thegenerality of local propagation algorithms. To eliminate most of the mentioned problemswe introduce constraint cells which can contain more than one constraint and which havedifferent functions. The constraint cell containing more constraints can easily handleconflicts between constraints with the same strength as well as it can naturally manage theconstraint cycles (Figure 3). By encapsulating the constraints into a constraint cell wealso enable using of more types of comparators including globally-better ones.We suggest several types of constraint cells. There are �normal� cells, calledfunctional cells, containing only one functional constraint that can uniquely compute itsoutput variable(s) from input variables. These cells are the only one enabled by theclassical local propagation and the constraints in these cells are known to be completelysatisfied independently of the values of the input variables. Then, there are �generalizedfunctional� cells, called generative cells, containing constraints which can propage sets ofvalues of input variables to the set of values of output variable(s). As they can generate aset of values they enable finding multiple solutions. Nevertheless, it is also possible that aconstraint in the generative cell is not satisfied according to the values of the inputvariables. Finally, we introduce test cells which, rather that computing a value of anyvariable, test the satisfiability of constraint(s) according to given values of inputvariables.

9former approachour generalized approachconflictconstraint cyclex=1@strongx=2@strongx=1@strong, x=2@strongx+y=3@strong, x-y=1@strongx+y=3@strongx-y=1@strongxyx,yxxFigure 3 (removing conflicts and constraint cycles)Individual constraint cells are connected into a constraint network similar toconstraints graphs from classical local propagation. This network is created andmaintained by the algorithm of the planning phase. Note, that this algorithm is completelyindependent of a particular type of constraints or used comparator. Due to a morecomplex structure of the constraint cell we shall also need a more sophisticated algorithmof the execution phase. This algorithm will use a particular comparator and constraintsolver to find a solution by tracing the constraint network. Before we proceed to theformal definition of the constraint cell and related notions we depict some examples ofconstraint cells (we omit the strengths of constraints in the figure). Note that everyconstraint, even the equality, can be in a generative or a test cell.

x+1=yFUNCTIONAL CELLGENERATIVE CELLTEST CELLx{1,2,4}{0,1,3}xx £y2{1}{-1,0,1}x £y2

{0,1}{6}yesxyyyFigure 4 (types of constraint cells)DEFINITION 1: (constraint cells)Let C is a finite non-empty set of labeled constraints with the same strengthand V is a set of all variables in constraints from C. For arbitrary sets ofvariables In,Out˝V such that In¨Out=V and In˙Out=˘ we define aconstraint cell as a triple (C,In,Out). For every variable v we define aconstraint cell ({},{},{v}) containing only the output variable v.We call the sets In and Out from the constraint cell (C,In,Out) input and outputvariables respectively.We also say that constraint cell (C,In,Out) determinates each variable from theset Out.

10DEFINITION 2: (classification of constraint cells)We classify constraint cells into the following groups:¥ free variable ({},{},{v})¥ functional constraint cell ({c@l},In,Out) such that for arbitraryevaluation q of variables from In there exists a unique valuation sof variable(s) in Out such that cqs holds¥ generative constraint cell (C,In,Out) such that C„˘ and Out„˘ and(C,In,Out) is not functional¥ test (C,In,˘)¥ undecidable constraint cell is a generative constraint cell or a testFree variables and functional cells are well known from classical constraint graphs whilegenerative cells and tests are contribution of this work. A constraint in a functional cell isalways satisfied but we cannot decide whether constraints in generative cells and tests aresatisfied during the planning phase. Thus, we call undecidable both the generative andtest cells.DEFINITION 3: (internal strength)The internal strength of the constraint cell (C,In,Out) is the strength of anyconstraint in C. The internal strength of the constraint cell ({},{},{v}) is �free�which is the strength that is weaker than any other strength of constraints.DEFINITION 4: (constraint network)Let H is a constraint hierarchy, i.e., a finite set of labeled constraints, and V isa set of all variables in constraints from H. We call a pair (CC,E) a constraintnetwork if the following conditions hold:1) (CC,E) is a directed acyclic graph with nodes CC and edges E2) CC is a finite set of constraint cells containing only constraints from H,i.e.,"Cell˛CC such that Cell=(C,In,Out) C˝H3) every constraint from H is located in just one constraint cell, i.e.,"c˛H $! Cell˛CC such that Cell=(C,In,Out) & c˛C4) every variable from H is determined by just one constraint cell, i.e.,"v˛V $! Cell˛CC such that Cell=(C,In,Out) & v˛Out5) for every constraint cell Cell there exist edges in E directed from constraintcells determining the input variables of Cell, i.e.,"Cell,Cell�˛CCCell=(C,In,Out) & Cell�=(C�,In�,Out�) & In˙Out�„˘ � (Cell�,Cell)˛E6) for every undecidable constraint cell there does not exist an upstreamconstraint cell which has the same or weaker internal strength, i.e.,"Cell˛CCCell is undecidable � "Cell�˛CC such that there exists a directed pathfrom Cell� to Cell (Cell� is upstream to Cell),Cell� has a stronger internal strength than Cell

117) there does not exist �downstream forking� in an undecidable celldirected to other undecidable constraint cells, i.e.,"Cell,Cell�˛CCCell and Cell� are undecidable & there does not exist directed pathneither from Cell to Cell� nor from Cell� to Cell�"Cell�˛CC such that Cell� is upstream both to Cell and Cell�,Cell� is not undecidable (i.e., it is a functional constraint cell)The first five points of the constraint network definition are obvious conditions fromtraditional constraint graphs extended to cover the constraint cells. Thus, the proposedconstraint network is a generalization of the former concept of constraint graphs[9,17,18,20]. The new conditions 6 and 7 of the Definition 4 are the contribution of thiswork. They help us to keep linearity and thus effectiveness of the execution algorithm.As the execution algorithm, computing values of variables, traverses downstream theconstraint network, it has to be sure that using a constraint cell to compute its outputvariables does not disable any stronger constraint later, i.e., downstream the network.The condition 6 preserve this feature. The condition 7 keeps up the linearity of theexecution algorithm.The following figure shows two constraint networks corresponding to the sameconstraint hierarchy. It implies that there can exist more sound planning algorithms whichconstruct the constraint networks. While the net on the right corresponds to the refiningmethod (all constraints of the same strength are in one cell), the left net is more structuredand thus it can more exploit local propagation methods (viz. Section 7).a=5,b=5,c=100,d=200a=50d£100

a‡10ab‡20bc+25=ddweakmediumstrongrequiredrequiredrequiredrequired

GGFFTTTa=5,b=5,c=100,d=200a=50d£100

weakmediumstrong

TTTa‡10,b‡20,a+b=c,c+25=da,b,c,drequiredG a+b=ccinternal strengthoutput variable(s)cell categoryF-functionalG-generativeT-testc+25=ddrequiredF

constraint cellFigure 5 (constraint networks)

12The constraint net is incrementally constructed by adding labeled constraints. This stageis usually called planning. We present two planning algorithms in the followingparagraphs.The first algorithm builds constraint nets similar to the right net in the Figure 5. Thisalgorithm behaves in a following way. If there exists a cell with internal strength equal tothe strength of the added constraint, then the algorithm adds the constraint into this cell.Otherwise, it creates a new cell containing this constraint. In the second phase thealgorithm decides which variables of the added constraint are input and outputrespectively. Finally, it adds all necessary edges such that all conditions of the Definition4 are satisfied. Note, that this algorithm does not use the free variable cells. While thisplanning algorithm is very simple, it requires the execution phase to mimic the refiningmethod and, thus, to be ineffective.Instead of formal description of the algorithm we give an example of adding aconstraint to the net. The following figure shows the process of gradual addition of twoconstraints into the constraint net (read left to right).d=200@weaka+b=ca,b,crequiredGa+b=ca,b,crequiredGa+b=ca,b,crequiredGa=5,d=200dweakGa=5weakT

a=5,d=200weakTd£100dGstrong

d£100@strongFigure 6 (constraint planning-refining method)Note, that the shade edge between the required and the strong cell in the rightmost net isnot entailed by the definition of the constraint network, nevertheless, this edge is also notexplicitly forbidden by the definition. As we expect the execution algorithm to traversethe net from stronger to weaker cells (the refining method), the auxiliary edges can helpto better navigate the constraint network.The sophisticated planning algorithm, that builds structuralized constraint nets likethe left net in the Figure 5, keeps the constraint cells as small as possible. This feature ofthe constraint network is desirable as it enables the execution algorithm to exploit the localpropagation as much as possible. Lets us call this planning algorithm a gentle plannercontrary to the raw planner that we described above.The principle of the gentle planner is not complicated. First, the gentle planner triesto add a constraint as a new functional cell. If it does not succeed it adds a constraint as anew generative or test cell. Adding a constraint as a functional cell is almost identical toadding the constraint to a constraint graph using classical local propagation algorithm likeDeltaBlue [18]. Nevertheless, we have to keep all conditions from the Definition 4satisfied. In particular, we have to remove the downstream forking of undecidable cellsthat could possible arise after adding a new cell. The following figure sketches theprocess of removing the downstream forking.

13strongGG/TweakpreferG/Tnew edge added to remove the downstream forkingstrongGG/TweakG/TweakstrongGG/Tweakjoin cells with the same internal strengthFigure 7 (removing downstream forking)When it is not feasible to add a constraint as a functional cell, it is added as a generativeor test cell. To satisfy the conditions 6 and 7 from the Definition 4 we possibly need tojoin some cells into one cell. The following figure shows example of adding constraintsas generative cells.a+1=ba‡10b£25@weakstrongweakFGbafreeVaa+1=bbweakFa‡10strongGaa+1=b,b£25bweakGb‡20@strongb‡20strongGba‡10strongGaa+1=b,b£25weakTa‡10@strongFigure 8 (constraint planning-gentle planner)Some constraint cells can be deleted from the constraint net during the process of addinga constraint. Constraints from these cells are repeatedly added to the net till all constraintsare in the net.7. EXECUTION PHASEIn this section we will briefly demonstrate one possible algorithm of the execution phaseof the generalized constraint hierarchy solver. We expect that many other algorithms ofthe execution phase can be developed to exploit the proposed structure of the constraintnetwork.The algorithm presented in this section is based on ideas behind the Indigoalgorithm [5]. It means that the algorithm finds a solution of constraint hierarchycontaining equality and inequality constraints over reals using locally-error-bettercomparator (i.e., locally better comparator that uses non-trivial error function). Theproposed algorithm propagates set of values or intervals (in the weak version) through

14the constraint network in a similar way like the Indigo algorithm does. However, ouralgorithm is able to find multiple solutions contrary to the Indigo.To demonstrate the algorithm we use the constraint hierarchy whose constraintnetwork is depicted in the Figure 5 (the network on the left). First of all, the algorithmtopologically sorts the constraint cells. In this particular case there are two orderings (leftto right):a‡10, b‡10, a+b=c, c+25=d, d£100, a=50, {a=5,b=5,c=100,d=200}b‡10, a‡10, a+b=c, c+25=d, d£100, a=50, {a=5,b=5,c=100,d=200}.We choose the first sequence and apply directly the Indigo algorithm to the first hexad ofconstraint cells from this sequence. As every cell in this hexad contains just oneconstraint we do not need to change the nature of the Indigo algorithm. We get thefollowing partial solution [5]:a/50, b/{20�25}, c/{70�75}, d/{95�100}.To get a final solution we choose an arbitrary ordering of constraints in the last constraintcell and apply the Indigo algorithm again. As it is possible to pick the ordering ofconstraints in the constraint cell it is conceivable to get multiple solutions. The followingtable shows all final solutions (valuations).ordering of constraints in the last cellsolution

starts with b=5 , e.g., b=5, a=5, c=100, d=200a/50, b/20, c/70, d/95

starts with c=100 or d=200, e.g., c=100, a=5, b=5, d=200 or d=200, a=5, b=5, c=100a/50, b/25, c/75, d/100

Note that applying the Indigo algorithm to the constraint cell containing more constraintsis justified by using the locally better comparator. When we choose another type ofcomparator we have to use another method for solving such cells. However, the frame ofthe algorithm, i.e. propagation of sets of values through the constraint network, remainsthe same and thus the modularity of the algorithm is preserved (viz. Section 4).In addition to finding multiple solutions, the sketched algorithm of the executionphase can solve the constraint hierarchy more effectively than the Indigo in some cases(the above example is not such a case). While the Indigo sorts constraints according totheir strengths only, our algorithm uses topological ordering of constraint cells in theconstraint network. Therefore, it is available to place as many as possible functional cellsat the beginning of the sequence even if their internal strength is weaker than the strengthof other cells and to place as many as possible of the rest functional constraints at the endof the sequence. Then, we can exploit the classical local propagation which is moreeffective than the Indigo, while the Indigo is used only in the central part of the sequence.The following figure shows such an ordering (the signs F, G and T denote functional,generative and test cells respectively).

15G/T/FFG/TG/TFFFF1234512345G/T/Flocal propagationIndigolocal propagationscheme of constraint networkscheme of constraint cells orderingFigure 8 (smart ordering of constraint cells)Note, that conditions 6 and 7 of the Definition 4 justify the usage of the Indigo algorithmin the central part of the sequence. These conditions ensure that all topological orderingsof the constraint cells can be correctly used by the Indigo algorithm which requiresstronger constraints to precede the weaker constraints.CONCLUSIONSIn this paper we presented a generalized algorithm for solving constraint hierarchies andwe showed how this algorithm fits in our concept of plug-in architecture of constrainthierarchy solvers. We addressed some drawbacks of classical local propagationalgorithms and, consequentially, we defined more general notions of constraint cell andconstraint network. The proposed concept of constraint network is a generalization offormer constraint graphs. In particular, we concentrated on the planning phase of theproposed algorithm that constructs the constraint network. We also sketched an algorithmof the execution phase that is based on ideas behind the Indigo algorithm. The presentedalgorithms are instances of a general framework for solving constraint hierarchies basedon constraint networks. This framework is a main subject of our future research.ACKNOWLEDGMENTSI would like to thank Petr Æt�p�nek for his continuous support, useful discussions andproof reading of the paper.REFERENCES[1]Bart�k, R., Plug-In Architecture of Constraint Hierarchy Solvers, Tech. Report No96/8, Department of Computer Science, Charles University, December 1996[2]Bart�k, R. and Æt�p�nek, P., Meta-Interpreters and Expert Systems, Tech. ReportNo 115, Department of Computer Science, Charles University, October 1995[3]Bart�k, R. and Æt�p�nek, P., Mega-Interpreters and Expert Systems, presented atPAP�96, London, April 1996[4]Benhamou, F. and Colmerauer, A. (eds.), Constraint Logic Programming-SelectedResearch, The MIT Press, Cambridge, Massachusetts, 1993[5]Borning, A., Anderson, R., Freeman-Benson, B., The Indigo Algorithm, Tech.Report 96-05-01, Department of Computer Science and Engineering, University ofWashington, July 1996

16[6]Borning, A., Duisberg, R., Freeman-Benson, B., Kramer, A., Woolf, M.,Constraint Hierarchies, in: Proceedings of the 1987 ACM Conference on ObjectOriented Programming Systems, Languages, and Applications, pp.48-60, ACM,October 1987[7]Borning, A., Freeman-Benson, B., The OTI Constraint Solver: A ConstraintLibrary for Constructing Interactive Graphical User Interfaces, in: Proceedings ofthe First International Conference on Principles and Practice of ConstraintProgramming, pp. 624-628, Cassis, France, September 1995[8]Borning, A., Maher, M., Martindale, A., Wilson, M., Constraint Hierarchies andLogic Programming, in: Proceedings of the Sixth International Conference on LogicProgramming, pp. 149-164, Lisbon, June, 1989[9]Bouzoubaa, M., Neveu, B., Hasle, G., Houria III: Solver for Hierarchical System,Planning of Lexicographic Weight Sum Better Graph For Functional Constraints,in: the Fifth INFORMS Computer Science Technical Section Conference onComputer Science and Operations Research, Dallas, Texas, Jan. 8-10, 1996[10]Hosobe, H., Miyashita, K., Takahashi, S., Matsuoka, S., Yonezawa, A., LocallySimultaneous Constraint Satisfaction, in: Principles and Practice of ConstraintProgramming---PPCP’94 (A. Borning ed.), no. 874 in Lecture Notes in ComputerScience, pp. 51-62, Springer-Verlag, October 1994[11]Hosobe, H., Matsuoka, S., Yonezawa, A., Generalized Local Propagation: AFramework for Solving Constraint Hierarchies, in: Principles and Practice ofConstraint Programming---CP’96 (E. Freuder ed.), Lecture Notes in ComputerScience, Springer-Verlag, August 1996[12]Jaffar, J., Maher, M.J., Constraint Logic Programming: A Survey, in: Journal ofLogic Programming 19, pp. 503-581, 1994[13]Jaffar, J., Lassez, J.-L., Constraint Logic Programming, in: Proceedings of the14th ACM Symposium on Principles of Programming Languages, pp. 111-119,Munich, Germany, January 1987[14]Lopez, G., Freeman-Benson, B., Borning, A., Implementing Constraint ImperativeProgramming Languages: The Kaleidoscope’93 Virtual Machine, Tech. Report 94-07-07, University of Washington, July 1994[15]Meier, M., Brisset, P., Open Architecture for CLP, TR ECRC-95-10, ECRC, 1995[16]Menezes, F., Barahona, P., An Incremental Hierarchical Constraint Solver, in: [19][17]Sannella, M., The SkyBlue Constraint Solver, Tech. Report 92-07-02, Departmentof Computer Science and Engineering, University of Washington, February 1993[18]Sannella, M., Freeman-Benson, B., Maloney, J., Borning,A., Multi-way versusOne-way Constraints in User Interfaces: Experience with the DeltaBlue Algorithm,Tech. Report 92-07-05, Department of Computer Science and Engineering,University of Washington, July 1992[19]Saraswat, V. and Van Hentenryck, P. (eds.), Principles and Practice of ConstraintProgramming, The MIT Press, Cambridge, Massachusetts, 1995[20]Vander Zanden, Brad, An Incremental Algorithm for Satisfying Hierarchies ofMulti-way Dataflow Constraints, Tech. Report, Department of Computer Science,University of Tennessee, March 1995[21]Van Hentenryck, P., Constraint Satisfaction in Logic Programming, LogicProgramming Series, The MIT Press, 1989[22]Wilson, M., Borning, A., Extending Hierarchical Constraint Logic Programming:Nonmonotonicity and Inter-Hierarchy Comparison, Tech. Report 89-05-04,Department of Computer Science and Engineering, University of Washington, July1989[23]Wilson, M., Borning, A., Hierarchical Constraint Logic Programming, TR 93-01-02a, Department of Computer Science and Engineering, University of Washington,May 1993